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The purpose of this paper is to prove strong convergence and T-stability results of some modified hybrid Kirk-Multistep iterations
for contractive-type operator in normed linear spaces. Our results show through analytical and numerical approach that the
modified hybrid schemes are better in terms of convergence rate than other hybrid Kirk-Multistep iterative schemes in the literature.

1. Introduction

In the recent years, numerous papers have been published
on the strong convergence and T-stability of various iterative
approximations of fixed points for contractive-type opera-
tors. See [1-9]. The Picard iterative scheme defined for x, € X

Xn = Txn—l’ nzl, (1)

was the first iteration to be proved by Banach [10] for a self-
map T in a complete metric space (X, d) satisfying

d(Tx,Ty) <cd(x,y) (2)

(called strict contraction), for all x,y € X and ¢ € (0,1).
Picard iteration (1) which obeys (2) is said to have a fixed
point in Fj, where F; is the set of all fixed points. The
Picard iteration will no longer converge to a fixed point of the
operator if contractive condition (2) is weaker. Hence, there
is a need to consider other iterative procedures.

Mann [11] defined a more general iteration in a Banach
space E satisfying quasi-nonexpansive operators. For x,, € E,
the Mann iteration is given by

Xp = (1 - ‘xn) Xpq T (an'xn—l’ nzl, (3)

where {«,} is a sequence of positive numbers in [0, 1]. Putting
«, = 1in (3) yields Picard iteration (1).

A double Mann iteration, called Ishikawa iteration, was
introduced by Ishikawa [12]. It is defined for x,, € E as

Xp = (1 - an) Xp1t “nTyn—l

Yn-1= (1 - ﬁn) Xn-1 + ﬁnTxn—l’ (4)

nx>1,

where {«,} and {f3,} are sequences of positive numbers in
[0, 1].

The three-step iteration, which is more general than
Mann and Ishikawa iterations, was defined by Noor [13]. For
x, € E, the Noor iteration is given as
= (1 - (Xn) Xp-1 T (XnTyn—l

Xn

Yn-1 = (1 - ﬁn) Xpq T ﬁnTZn—l

Zp-1 = (1 - Yn) Xp-1 Tt YnTxn—l’

nx1,

(5)

where {,}, {,}, and {y,} are sequences in [0, 1] with ) «,, =
00.



Rhoades and Soltuz [14] defined a multistep iteration in a
normed linear space E as follows. For x,, € E,

(1)
Xn = (1 - (Xn) Xp1 T (XnTyn—l

0} () D, 141
Yn1 = (1 _ﬁn )xnfl +/3n Tyntl’

k-
y1(1—11) = (1 - ﬂn) Xp1 7t ﬁnTxn—l’

n>1,

where {a,} and {ﬁi?}, I = 1,2,...,k — 1, are sequences of
positive numbers in [0, 1] with } &, = oo. Iteration (6)
generalized (3), (4), and (5); for example, if k = 3 in (6), we
recover the form (5); if k = 2, we have (4); on putting k = 2
and ﬁg) = 0 for each [, we have (3).

Another two-step scheme, which is independent of (4),
was introduced by Thianwan [15]. Let x, € E; the sequence
{x,} € Eis defined as

Xp = (1 - (Xn) Vn-1t ochyn—l
Yn-1 = (1 - ﬁn) Xp1 T BnTxn—l’ (7)

n>1,

where {«,} and {f3,} are sequences of positive numbers in
[0, 1] with ) «, = 00.

The three-step iteration of (7) called SP iteration was
introduced by Phuengrattana and Suantai [16] and it was
defined as follows. For x,, € E,

(1 1)
Xp = (1 _(xn) yn—)l +(any(

n-1

y,(,l_)l = (1 - Bn) yr(lz—)l + /jnTyr(lz—)l (8)

yﬁfﬂ = (1 - Yn) Xp-1 t YnTxnfl’

nx1,

where {a,}, {8}, {y,} € [0,1] with Y &, = c0. The two-step
iteration of (8) can be easily obtained when y,, = 0.

In [17], Giirsoy et al. defined a generalized scheme of
forms (7) and (8) in a Banach space. For x,, € E,

1 1
Xy = (1 - (xn) yﬁl—)l +(any( :

n—-1
o _ Y ,,0+1) D), (41)
yn—l - (1 _ﬁn )ynjl +ﬁn Tynjl >
1=1,2,3,....k-2 (9)
k-1 k-1 k-1
)’5171 )= (1 _ﬁi ))xn—l +ﬁ}(’l )Txn—l’

n>1,

where {&,}, {8V}, c [0,1],1 = 1,2,...,k - 1, with ¥ a,, = c0.
Several results have been proved for the strong con-
vergence of the explicit iteration as well as the SP-iterative
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scheme of fixed points for different types of contractive-
like operators in various spaces. See [3, 6, 18, 19]. The
stability results of explicit and SP-iterative schemes have been
discussed in [2, 4, 9, 20, 21].

Kirk’s iterative procedure was defined by Kirk [22]. For
X, € E, where E is a Banach space and T is a self-map of E,

9 ;
xn+1 = Z“iTlxn’ n= 0, ]., 2; ceey (10)
i=0

where g is a fixed integer with g > 1, «; > 0 for each i and
a . _
im0 = L.
In order to reduce the cost of computations, Olatinwo
[8] introduced two hybrid schemes, namely, Kirk-Mann and
Kirk-Ishikawa iterative schemes in a normed linear space. For

xy € E,

q q
- VN — -
Xpp1 = Z(me X5 Z(xn’i =1,n=0,12,...,
i=0 i=0

9 9
i
xn+1 = “n,Oxn + Z‘xn,iT yn’ Z(xn,i = 1’
i=1 i=0 (11)

r r
yn = Zﬁn,iTlxn’ Zﬁn,i = 1;
i=0 i=0

n=012...,

respectively, where g and r are fixed integers with g > r and
{r,;} and {B,;} are sequences in [0, 1] satisfying o, ; > 0,
&,0#0,p3,;20,and B3, , # 0.

The Kirk-Noor iteration was introduced by Chugh and
Kumar [23] as follows: for x, € E,

9 9
i
xn+1 = an,Oxn + Z(Xn,iT yn’ Z(xn,i = 1’

i=1 i=0
r ) r
yn = ﬁn,Oxn + Zﬁn,iTlZn’ Zﬁn,i = 1’
i=1 i=0 (12)

s
i
Zn = ZYn,iT xn’

i=0

s
Z)}n,z’ = 1;
i=0

n=0,12...,

where g, 7, and s are fixed integers with g > r > s, and {«,, ;},
{B,.;}, and {y,;} are sequences in [0, 1] satisfying o,,; > 0,
%n0 #0, ﬁn,i 20, /311,0 #0, Vni > 0,and Yno #0.
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In an attempt to generalize (11) and (12), Giirsoy et al.
[17] introduced the Kirk-Multistep iteration in an arbitrary
Banach space E. For x, € E,

b . A
i
'xn+1 = (xn,Oxn + Zan,iT yn’ Z(xn,i = 1’

i=1 i=0
(l)x +Zﬁ1)Tz )

qi+1 13
YBU=1,1=1(1)k-2 13)
i=0

(k 1) Zﬁ(k 1)Tixn, Zﬁ(k 1) — 1, k > 2)

n=0,12,...,

where q,, 45,43, . . ., gy are fixed integers with g, > g, > --- >
Qs o,y and {ﬁfﬁ}g"l are sequences in [0,1] satisfying
a,; 20,a,,#0, ﬁl) >0, and ﬁ(l))o # 0 for each I.

The Kirk-SP iteration was defined by Hussain et al. [24]
as follows: for x,, € E,

9 9
i
Xni1 = CpoVn T Z(xn,iT Yo Z(xn,i =1,

i=1 i=0

= 'Ti > r i = 1>
Yn ﬁn,Ozn + ;ﬂn,z Zp ;B X (14)

s ) s
i
Zn = ZYn,iT Xu> Zyn,i = 1’
i=0 i=0

n=0,1,2...,

where g, r, and s are fixed integers with g > r > s and {a,, },
{B,.;}, and {y,;} are sequences in [0, 1] satistying «,,; > 0,
&, 0#0,B,,20,8,0%#0,9,; 20,and y,, # 0. The Kirk-
Thianwan iteration can be obtained if s = 0 in (14).

The Kirk-Multistep-SP, which generalized both Kirk-SP
and Kirk-Thianwan schemes, was introduced by Akewe et al.
[1] and it was defined as follows: for x,, € E,

Qi 9
_ oy i (1) -
Xn+1 = ‘xn,Oyn + Z(Xn,ilen > Z(xn,i =1

i=1 i=0

(l) (l) (1+1) () (l+1
yn nOyn + Zﬁ Tl

qi+1 15
YU =1,1=1(1)k-2 s)
i=0

2/3("1 =1 k>2,

n=0,1,2...,

(k 1 Zﬁ(k D

where q,, 45,43, . . ., gy are fixed integers with g, > g, > --- >
Qs e,y and {ﬁ(l) 102, are sequences in [0, 1] satisfying
a,; 20,a,,#0, ﬁ >0, andﬁ # 0 for each I.

Another modified form of exphc1t iteration is the implicit
iteration. The implicit Mann iteration and implicit Ishikawa
iteration were discussed by Ciri¢ et al. [7] and Xue and Zhang
[19], respectively. For x, € C, C being a closed subset of
normed linear space, the implicit Mann and implicit Ishikawa
iterations are, respectively,

X, =%, +(1-a,)Tx,, nx1, (16)
Xp =0 Yp1 t (1 - ‘xn) Txn
Yn-1 = ﬁnxn—l + (1 - ﬂn) Tyn—l’ (17)
n>1,

where {e,} and {f3,} are sequences in [0, 1].
The implicit Noor iteration was defined by Chugh et al.
[5] as follows: for x, € C

Xp =0 Yp1 t (1 - “n) Txn
Yn-1 = /jnzn—l + (1 - ﬂn) Tyn—l
Zp1 = YuXpa (1 - Yn) Tzn—l’

n>1,

(18)

where {«,}, {8,}, and {y,} are sequences in [0, 1] with Y (1 —
«,) = oo. The implicit Noor iteration (18) is more general
than (16) and (17).

The most generalized Banach operator used by several
authors is the one proved by Zamfirescu [25].

Let X be a complete metric space and let T be a self-map
of X. The operator T is Zamfirescu operator if for each pair
of points x, y € X, at least one of the following is true:

Z,:d(Tx,Ty) < ad(x,y)
Zy:d(Tx,Ty) <b[d(x,Tx) +d (y,Ty)] (19)
Zy:d(Tx,Ty) < c[d(x,Ty) +d(y,Tx)],

where a, b, and ¢ are nonnegative constants satisfying a €

[0,1),b,c < 1/2.
The equivalence form of (19) is

d(Tx,Ty) < amax {d (x,9),
% [d(x,Tx)+d (y,Ty)], (20)

STy +d(n T

forx,y € Xanda € [0,1).
Berinde [2] observed that condition (20) implies

d(Tx,Ty) < 2hd (x,Tx) + hd (x, y), (21)

where h = max{a,a/(2 — a)}.



In [26], Rhoades used a more general contractive condi-
tion than (21): for x, y € X, there exists a € [0, 1) such that

d(Tx,Ty) < amax {d (%),
. (22)
ST +d (.19 d (5. T9).d (1. T}

Osilike [20] extended and generalized the contractive condi-
tion (22): for x, y € X, there exists a € [0,1) and L > 0 such
that

d(Tx,Ty) < Ld (x,Tx) + ad (x, y). (23)

Imoru and Olatinwo [21] employed a more general class of
operators T than (23) satisfying the following contractive
conditions:

d(Tx,Ty) <ad(x,y)+¢(d(x,Tx)) for x,y € X, (24)
wherea € [0,1) and ¢ : R* — R" is a monotone increasing
function with ¢(0) =

The equivalence form of (24) in a normed linear space is

ITx-Ty| <a|x-y|+elx-Tx|) forx,yeX (25)
We will need the following definitions and lemmas to prove
our main results.

Definition 1 (see [9]). Let (X,d) be a metric space and T :
X — X a self-mapping. Suppose that F = {p € X :
Tp = p} is the set of fixed points of T. Let {x,}°, ¢ X be
the sequence generated by an iterative procedure involving T
which is defined by

Xn1 = friy 120, (26)

where x, € X is the initial approximation and f;f’;x is a
function such that «, € [0, 1]. Suppose that {x,} con\;erges
to a fixed point p of T. Let {y,}0°; C X and sete, =
d(ynﬂ,f%')'l'x ), n = 0,1,2,.... Then, iterative procedure (26)
is said to be T-stable or stable with respect to T if and only if
lim = 0 implies lim,,_, ¥, = p.

n—00 n

Definition 2 (see [2]). Let {a,},>, and {b,}, be two nonneg-
ative real sequences which converge to a and b, respectively.
Let

; (27)

(1) ifI = 0, then {a,},°, converges to a faster than {b,} >,
to b;

(2) if 0 < I < oo, then both {a,}2; and {b,}°, have the
same convergence rate;
(3) ifl =

to a.

0o, then {b,}°, converges to b faster than {a,},_,
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Lemma 3 (see [2]). Let § be a real number such that § € [0, 1)
and {e,}2 is a sequence of nonnegative numbers such that
lim, , e, = 0; then, for any sequence of positive numbers
{u,},2, satisfying

U, <O0u,+e, VYneN (28)

n+1

we have lim,,_,  u, = 0.

n—00

Lemma 4 (see [8]). Let (E, || - |I) be a normed linear space and
T : E — E a map satisfying (25). Let ¢ : R" — R be a
subadditive, monotone increasing function such that ¢(0) =
@(Lu) = Lo(u), foru € R*, L > 0. Then, foralli € N, L > 0
and forallx,y € E

[T -T5]

AN ‘ (29)
<y (]) aig! (Ix - Txll) +a' |x - y|.
=1

Note that a € [0,1) in (29).

2. Main Results

We present our main results as follows.

Let E be an arbitrary Banach space and T : E — E a self-
map. Let x, € E; we define the following iteration, namely,
implicit hybrid Kirk-Multistep iterative scheme, as follows:

" il . il
1 —_
Xn = CpoXy~ 1t Zan,iT X Zan,i =1

(l) _ l) (I+1) z )i (1)
+ ) B, X,

nOnl

+1

B =1,1=1(1)k-2
Zo (30)

(k N _ kl)xn1+zﬁkl)Tz (k-1)

nl nO nl’

Ik 5
Zﬁ;,i_l) =L k22,
i=0

n>1,

where ¢q;,4,,43,---,q; are fixed integers with ¢, > g, >
g3 = - 2 g a0, and {/3(1)}001 are sequences in [0, 1]
satisfying «,,; > 0, ocno # 0, ﬁn > 0,and /3(1) # 0 for each

with anl(l ®,0) =
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If we let k = 3 in (30), we obtain the implicit Kirk-Noor
iteration defined by

" 91 . 91
i
Xn = Xy~ 1t Z‘xn,iT X Z‘xn,i =1
i=1 i=

(1) _ (2) ()i (1)
- nOxn1+Zﬁ T'x X1

Zﬁ(l)

i=0 (31)
(2) (2) (2) @ _
Xp-1 = nOxn 1+Zﬁ Tl Xn-1> Zﬁ
i=0
n>1.

By setting k = 2 in (30), we have the implicit Kirk-Ishikawa
iteration and we can also obtain the implicit Kirk-Mann
iteration when k = 2 and g, = 0 in (30).

Ifg, =g, =q3 =--- = g, = 1in (30), then we obtain the
implicit multistep iteration (19) with «,, ; = ﬁ [3(1)

Ik =3,q, =g, = s = Landq = s = = g = 0
in (30), we have the implicit Noor scheme (18) with «, ; = o,
Bul = B and B3 = B,

Ifk=2,9, =q,=1,andg; =g, =+ = g, = 0in (30),
we have the implicit Ishikawa scheme (17) with o, = «,,
Bt = BL.

Ifk=2,q,=lLandqg, =q;3 =¢q, =+ = g, = 0in (30),
we have the implicit Mann scheme (16) with &, | = o,,.

Throughout, the operator T will be assumed as fixed and
a fixed point p € F with the condition (29) is unique.

Theorem 5. Let (E, | - ||) be a normed linear space. Assume T
is self-map of E satisfying the contractive condition (29) with
Fr # ¢. Then, for x, € E, the sequence {x,} defined by (30)
with Y72 (1 — «, ) = co converges strongly to the fixed point

p € Fr.

Proof. Let x, € X and p € Fr; then using (29) and (30) we
have

ol Z“m 75 =T

I = Pl < atno |*

< ot [ —p||
q1 i i

+Z“m Z( ) (lp - Tpl) (32)
i=1 j=1

+a I, = 2| | = a0 p" Zocn,a S

-7l

This implies that

B %0 | (1)
b pl < g |

-p|- e

Also, from (30), we have

q . .
<0, o] < B 2, ~ o] + YA i, 7]
i=1

< Buo %2 - pl

+§ﬁm Z( )a"'f'cp"(llp—Tpll) G

x(2)

ol | =R e -l

(1)

+Zﬁ

- |-

This becomes

/3(1) " @
n

(l—)l_P“S 1 ﬁ(l) i

- 6

From (30) again, we have

q . .
<2, ~ o] < B3 [, o] + Y82 T2, ~ 7]
i=1

%A

< n(,“x

a3 i i
@) i=j . j -T
* 2B Z(j)a () 66

va [l - ol | = B = -l
+ Z p2a @ i P”
which implies
B
|2, - p| < W" ) I )



Continuing this way up to k — 1 in (30), we have

”x(kl p" <B k i %1 - p| + Zﬁk 1 ||T1 (kl

~T'p| < B ” Ixnr — 2l

: Z/J’”‘ ah (;) o/ o= Te) (38)

kl)

P“ (k 1)

+ad |x

s =

+ Zﬁ“‘ Ul [ - ol
implying that

ﬁ(k—l)

ey

Nxwa -l 39

Substituting (35)-(39) into (33) it becomes

%0 /3(1)
b= (5 ) (i
g
S e 40
(1— PR "

ﬂ(k—l)
ool — P Nk —pl.
(=gt g b

Let A, = o, /(1

- ¥4 a,;a); then

X0 1 - Z; 1 ‘xnza X0
_ N1 i _ i
1-y" a0 1-Y1 a,.a

9 .
1
>1- Z(xn)ia +o,0 |-

i=1

1-1,=1-

(41)

Therefore,

i . 9 . q
1 1
< Zcxn,ia + 0,0 = Z(xn),-a < Z(xn),- =1. (42)
i=1 i=0 i=0
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Similarly, we can easily obtain the following from (40):

Bao < OB
1
eSS
1

ﬁ(Z)
(2)1
Tyt g0y Zﬁ <Zﬁm_

ﬁ(3) (43)

w Z (3)1<zﬁn1_
i=

(k-1)
Bao

A pk-1) ; =
=25 :Bn,i a

Z (k=1) I<ZI3(k n_

Applying (42) and (43) in (40) and letting @’ < a < 1 for each
i, we have

91 .
. ( o+ ) -
i=1
< [(1 - ‘xn,O) a+ ‘xn,O] ||xn71 - P"

=1-(1-a,
<[1-(-ay)(1-a)][1-(1-

0) A=) x, - pl

“n—l,o) (1- a)]

(44)
Jx-z -

n

[1-(1-

r=1

%0) (1=a)] |0 = P

|

Asn — 00, Y72 (1 -a,,) = co. Hence, lim,,_, . [lx,, — pll =
Therefore, implicit Kirk-Multistep scheme (30) converges
strongly to p € Fr. O

Corollary 6. Let (E, |I-|l) be a normed linear space. Assume T is
self-map of E satisfying the contractive condition (29) with F #
¢. Then, for x, € E, the implicit Kirk-Noor, the implicit Kirk-
Ishikawa, and the implicit Kirk-Mann schemes with >, (1 -
@, ) = 0o converge strongly to the fixed point p € Fr..

Remark 7. The strong convergence results for implicit Noor,
implicit Ishikawa, and implicit Mann schemes are obvious
from Theorem 5.

Theorem 8. Let (E, || - ||) be a normed linear space and T is a
self-map of E satisfying contractive condition (29) with Fy # ¢.
Then, for x, € E and p € Fr, the sequence {x,,} defined by (30)
is T-stable.
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Proof. Let {y,} € E be an arbitrary sequence and let ¢, =
() Do, T 'y,|l, where

"yn - nOZn 1
(1) (1) 1) _
Z -1 = nozn 1 + Zﬁ T Z Zﬁ

(l) _ (l+1) )i (D)
- nOz +Zﬁ 1z Zn-1>

(45)
Qi+1
Zﬁ’)—l I=1()k-2
Z(k N _ (k D)’n o+ Zﬁ(l)T 2 (k- 1) Zﬁ(k 1)
i=0
Suppose lim,,_, €, = 0 and p € Fr; by (29) we have
”yﬂ_p"S Vn nOZn 1 Z(xnzTyn
+ “noz +Z(xanyn pH
i=1 (46)
9 .
< €, t+ X0 “Z;(’ll—)l - p“ + Z(Xn,i |T1yn - p"
i-1
" 91 ;
<€+, “z p“ + Z%,i“ Iy, - p|-
i-1
This implies that
el’l
Iy, = pll < m
47
%0 (1) 47)

-]

i

1_2‘11

From inequalities (42) and (43), one can easily obtain the
following:

@ (3)

=2 = ol = =2 = ol < =2 - o] <
(48)
<[a” - ol < lyuer - -
Then, inequality (47) becomes
=l i
«, (49)
+1_—aa,||yn1 pl-

Letting 8 = a,,/(1 - Y1 ocn,iai) < 1 and by Lemma 3, we
have

Iy, - pl =o0. (50)

Conversely, suppose ||y, — pll = 0 for p € Fp; then

€ = | Vn _(Xnozn 1 Z(xnzTyn
i=1
q1 .
b=l + o~ (s + B
i=1
) q1 . .
<70 = I+ 0o |22 = 2| + Yot |79 - T'p| (5D)
i=1
q1 .
< ”yn - P" + &0 ”yn—l - P" + z(xn,ial ”yn - p"
i=1
91 .
< (1+ 5ot ) =l a1l
i=1
Since ||y, — pl — 0, thenlim,_, e, = 0.
Therefore, iterative scheme (30) is T-stable. O

Corollary 9. Let (E, || - ||) be a normed linear space and T is a
self-map of E satisfying the contractive condition (29) with F #
¢. Then, for x, € E and p € Fr, the sequence {x,} defined by
implicit Kirk-Mann, implicit Kirk-Ishikawa, and implicit Kirk-
Noor schemes are T-stable.

Remark 10. The stability results for implicit Mann, implicit
Ishikawa, and implicit Noor schemes with contractive condi-
tion (29) are special cases of Corollary 9.

2.1. Comparison of Several Iterative Schemes. We compare our
iterative schemes with others by using the following example.

Example 11. LetT : [0,1] —
and fixed point p = 0 using a,, = /3(1) =
/3,(3 =4/+/n, for eachI,n > 25,and q, =

[0,1] and Tx = x/2 with x, # 0
- 2/ \/ﬁ> (xn,i =
=4 =q3=q4=2
For the implicit Kirk-Mann iteration (IKM), we have

2
_ i
Xn = CpuXp_1 + Z‘xn,iT Xn
i=1

(52)
<1_ 2 )x 2 1
i)
This implies that
24 24r 4)
IKM) = - ,
X (IKM) = 2%,y r]:[5<2(_3 X (53)
Also, for implicit Kirk-Ishikawa iteration (IKI), we have
2\/_ 4 O
X, = i3 X, (54)
with
XD = M—_4x ) (55)

nl 2\5_3 n-1



Hence,

2va-4\" 24
2\/%-3) xn—l_r (2\/?—3) Xo- (56)

Similarly, implicit Kirk-Noor iteration (IKN) implies

9= () - (8

r=25

x,, (IKI) = <

while the implicit multistep Kirk iteration (IMK) gives

~ n 2\/—_4 k
x,, (IMK)—rE[S(m> X, (58)

Now, using Definition 2, we compare the implicit Kirk type
iterations as follows: for k > 4, we have

|, (IMK) - 0| H (2\/‘—4>"‘3

|x, AKN) - 0] ~ LA\2+r-3
(59)
H( )k—3
r=25 2\/__3
with
n 1 k-3
0< lim -
_>00r—25< 2\/F_ 3>
n 1 k-3
< lim (1 - —)
e r=25 r (60)
_( 24 25 n-2 n—l)“
T \n—025 26 n-1 n
24
(hm—> =0, Vk>4.
n—00 n

Remark 12. The implicit multistep Kirk iteration (IMK)
converges faster than the implicit Kirk-Noor iteration (IKN)
fork =4,5,....

Also,
|x, IKN) - 0| ﬁ <zv‘-4>
|x, IKT) 0|~ L;z\247r -3
(61)
- 1_2[5< 24 - 3>
with
L 1 1 1
0 < lim (1— )Slim (1——)
"m0 s 24r-3 i r (62)
24 25 -2 -1 24
= lim Ll N = lim — =0.
"—'0025 26 n—-1 n n—0o p

Remark 13. The implicit Kirk-Noor iteration x,,(IKN) con-
verges to p = 0 faster than the implicit Kirk-Ishikawa
iteration x,,(IKI) to p = 0.
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Similarly, using Definition 2, we have that

|x,, (IKT) - 0

AL (IKM) = 0] (63

which implies that the implicit Kirk-Ishikawa iteration
x,(IKI) converges faster than the implicit Kirk-Mann itera-
tion x,,(IKM).
For the Kirk-Mann iteration (KM), we have the following
estimate:
2

_ i
Xn = CpoXp_1 + Zan,iT Xn-1
i=1

2 2 1
= <1 — W) X1 + Wxn_l + Wxn_l.
This implies that

AW TEa M

r=25

x, (KM) = (1 +

The estimates for Kirk-Thianwan (KT), Kirk-SP (KSP), and
Kirk-Multistep-SP (KMSP) iterations are, respectively,

x, (KT) = ]‘[ (1 + */7;>2x0,

r=25
n 3
x, (KSP) =[] <1 + V;) Xo» (66)
r=25

x,, (KMSP) = ﬁ <1 + g)kxo.

r=25

We compare Kirk-Mann (KM), Kirk-Thianwan (KT), Kirk-
SP (KSP), and Kirk-Multistep-SP (KMSP) iterations with our
iterative schemes as follows.

Again, using Definition 2, we have

M_fwww r )
|x, (KM) —0] — 2y \2vr=3/\\r+r
_,:1_2[5 2132 3,102 _ (67)
n 3(1‘—1’1/2)
= -y )
r:1_2[5 2132 — 3¢12 _ ¢
with
n 3(r—r1/2)
o= [1(1- s
r=25
n
Slimn(l_l):hmz‘l 25 n-2 n-1 (68)
08 r) n—025 26 n-1 n
. 24
=lim— =0
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Remark 14. The implicit Kirk-Mann iteration x,(IKM) con-
verges to p = 0 faster than the Kirk-Mann iteration x,,(KM)
top=0.

For the comparison of implicit Kirk-Ishikawa iteration
x,(IKI) and Kirk-Thianwan iteration x,,(KT), we have

EaEi|(GSC

n 3(r—r1/2) 2
(62|

(69

with

2

n 3 (r - rl/z)
im l-—
n—oo oL 232 — 312 _y

|
- [nl’& n (“%)]2 (70)
(

Remark 15. The implicit Kirk-Ishikawa iteration x,,(IKI)
converges faster than the Kirk-Thianwan iteration x,,(KT).

For the comparison of implicit Kirk-Noor iteration
x,(IKN) and Kirk-SP iteration x,,(KSP), we have

- G

r=25

(- 25

r=25

(71)

3

with

3

n < 3 (r - rl/z) >:|
im 1-—
n—ool L 21312 — 3¢102 _y

|
< [Jl‘?o n <1‘%>]3 72)
(

24 25 n-2 n—1>3 ( 24)3
m — - — .- . - hm_
n—0025 26 n—1 n n—0oo p

Remark 16. The implicit Kirk-Noor iteration x,(IKN) has
better convergence rate than the Kirk-SP iteration x,,(KSP).

For the comparison of implicit Kirk-Multistep iteration
x,(IKM) and Kirk-Multistep-SP iteration x,(KMSP), we
have

|x, IKM) - 0] (% [(2+r -4 r
Ixn(KMSP)—OI_,_1_2[5[<2\/?—3><\/7+r>]
n 3(r—r1/2) ¢
:[ﬂzs<l‘m>]

k

k

(73)

with

. n 3(T’—rl/2)
Ml 8 § v o vy

r=

< [JL%ﬁ(l‘%)]k (74)

r=25

n-2 n—1>k ( 24)"
.. . el llm_
n-—1 n n—00 p

Remark 17. The implicit Kirk-Multistep iteration x,(IKM)
has better convergence rate than the Kirk-Multistep-SP iter-
ation x,,(KMSP) for k > 4.

( .24 25
=(lim—.—-
n—0025 26

0.

3. Conclusion

We have established and proved strong convergence and T-
stability results for implicit Kirk-Multistep, implicit Kirk-
Noor, implicit Kirk-Ishikawa, and implicit Kirk-Mann iter-
ative schemes of fixed points with contractive-type opera-
tors in normed linear spaces. These iterative schemes have
better convergence rate when compared with other iterative
schemes, namely, multistep Kirk-SP iteration, Kirk-Multistep
scheme, Kirk-SP iteration, Kirk-Thianwan scheme, Kirk-
Noor scheme, Kirk-Ishikawa scheme, Kirk-Mann scheme,
implicit Noor iteration, implicit Ishikawa iteration, implicit
Mann iteration, and many more iterative schemes of fixed
point in the literature.
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