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Abstract: Consider a unit disk Q = {z : |z| < 1}. A large subset of the set of analytic-univalent functions
defined in () is examined in this exploration. This new set contains various subsets of the Yamaguchi and
starlike functions, both of which have profound properties in the well-known set of Bazilevi¢ functions. The
Ma-Minda function and a few mathematical concepts, including subordination, set theory, infinite series
formation and product combination of certain geometric expressions, are used in the definition of the new
set. The estimates for the coefficient bounds, the Fekete-Szeg6 functional with real and complex parameters,
and the Hankel determinants with a real parameter are some of the accomplishments. In general, when some
parameters are changed within their interval of declarations, the set reduces to a number of recognized sets.
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1. Background details

ne of the more intriguing areas of complex analysis is Geometric Function Theory (GFT), which has
O drawn a lot of interest from pure mathematicians. The study of the geometric features of analytic
functions is the focus of GFT, which has many applications in different areas of mathematics, including
mathematical physics, (g-)calculus, conformal mappings, orthogonal polynomials, and special functions.
In this work, let A connote the set of functions that are analytic in the unit disc

{z:zeCand |z| <1} =Q,

and let S connote the subset of A of analytic-univalent functions having the Taylor’s series kind

o
flz) =z+m?+a3z’+-- =z+) a7, 1)
j=2

satisfying the conditions: f(0) =0 = f’(0) —1and z € Q.

Bieberbach announced in 1916 that the modulus of the coefficient a, of function f in (1) is less than or
equals to 2, and generalized this result in a conjecture that |a;| < j, where j € {2,3,4,...}. This conjecture is
a precursor to the study of coefficient problems. Nonetheless, Duren stressed in [1] that the coefficient problem
is the assignment of the points (a2,4a3,44,...,4;) for function f to the portion of the (j — 1)-dimensional
complex plane. In 1985, Branges [2] confirmed the conjecture to be accurate, hence, this argumented the
theory of geometric functions to one of the constantly expanding fields of potential study. Furthermore, the
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sets of starlike functions, convex functions, close-to-convex functions, close-to-starlike functions, spirallike
functions, Yamaguchi functions, and more are some well-known subsets of S. Factually speaking, it can
be observed that various (sharp and non-sharp) upper estimates for the coefficient bounds, Fekete-Szego
functional, Hankel determinants, Toeplitz determinants, and many generalizations (for example, see [3-9]),
are few of the coefficient properties that have been explored by complex function theorists. In addition, the
nature and properties of these subsets which are largely based on the geometries of their image domains are
continuously been explored with no end in sight.
For any two functions f, F € A, function f < F, if there exists another analytic function

s(z) =s1z+ 52> + 5325+ -+ (|s(z)] = |z| <1, 5(0) =0, and z € O), )
such that f(z) = F(s(z)). Should F be univalently defined in (), then

f(z) < F(z), ifandonlyif, f(0)=F(0) and f(Q) C F(Q).
The notation ‘<’ connotes subordination.

1.1. Some relevant subsets of analytic functions

An analytic function

p €CR:= {p tp(z) =1+ Zp]-zj, Rep(z) >0, p(0) =1, and z € Q}, ©)]
j=1

is called a function whose real part is positive in the unit disc Q2 or a Carathéodory function. Over the decades,
this set has proven to play a crucial role in the solution of many problems in GFT. The Mobius function

14z gy
mo(z):lfzzuzzzf (zeQ), @)
j=

is the extremal function in set CR. It has been well-established that functions s(z) and p(z) are interrelated by

the relation . @
+s(z
p(Z) - 1 _ S(Z)

so that putting (3) into (5) yields

— s(z) = ggg J‘r} (zeQ), 5)

3
P12+<P2—pl> <P3—P1P2+P>23+'“

In 1994, Ma and Minda [10] amalgamated various kinds of functions in set CR by introducing the analytic
and univalent function b(z) of the Taylor’s series kind

s(z) == (6)

b(z) =1+ Bz + P + B+ (1 >0, pr€R, z€ Q). @)

In this case, Reb(z) > 0,b(0) =1, b'(0) > 0, b(z) maps Q onto a starlike domain with respect to 1, and it
is symmetric with respect to the real axis. In fact, putting (6) into (7) with some computations gives the infinite
series

b(s(2)) = 1+B15(2) + Pa(s(2))* + Ba(s(2))° + -
: b (Pz - pj) + 4210?] 2

B1 i LB L B3
(m—ppﬁ 1) 2p< ) S

=1+ 1p z+

+ 2+ (8)
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A function f € S that maps the unit disc () onto a starlike domain S7 is known as a starlike function,
hence, it is necessary that

feST = {f L feS, Re(z(f'(2)/f(z))) >0, and z € Q}. )

The extremal function in ST has been proved to be the Koebe function k(z) = z(1 — z)~2. The set ST
was introduced by Alexandra [11] while its geometric condition (9) was established by Nevanlinda in 1921,
see [1,12] for further details. More so, starlike functions have been studied in many forms, for instance, see
Lasode and Opoola [7] for some details on the forms and some application areas.

In 1956, Yamaguchi [13] introduced the subset Y of the set S of functions

fey:= {f:fes, Re(f(z)/z) >0, andzEQ}, (10)

where many properties of functions f € Y such as the univalence, radii, partial sums, growth, distortion, and
inclusion properties were established by some GFT researchers in [13-15].

The set B(4, v, g, h) introduced by Bazilevi¢ [16] was proved to be the largest known subset of the set S.
Functions in B(4, v, g, h) have the integral form

z

f(z) = {(5+i’7)/p(t)h(t)7t(1i7)dt} W,

0

such that § > 0, v has real value, h € ST, p € CR and all powers are taken as principal values. Singh [17]
studied the subsets B(4,0, p,h) = B(6) and B(4,0, p,z) = B1(d) such that for § > 0and z € (),

Re’zf/(?(];gi)(s_l >0 and Rezf’(z);(z)&_l >0, (11)

respectively. Furthermore, observe that B1(5) C B(6) C B(d,v,9,h), B1(0) = B(0) = ST, while B(1) and

B1(1) have the conditions Re Z}{QS) > 0 and Ref’(z) > 0, respectively. These are respectively, the conditions
for close-to-convexity and bounded turning functions.

2. Lemmas

The following lemmas with kin interest in (3) shall be needed to proof the results.
Lemma 1. ([12, p. 25]). Let p € CR. Then
lpil =2Vj€{1,23,...}.
The inequality is sharp for the function (4).

Lemma 2. ([18, Corollary 2.5]). Let p € CR. Then

2(1-A7) when A <0,
p? 2 when 0< A L2,
pa—ALL <
2 2(A—1) when A > 2,

2max{1,|1 = A|} when A €C.
Lemma 3. ([19, Lemma 2.2]). Let p € CR. Then

|up“;’ —op1p2 +wps| < 2\ul +2|v — 2u| +2|u — v+ w|.
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Lemma 4 ([20]). Let o € CR. Then fori,j € {1,2,3,...},

Pivj —ppipil = 2 when 0= i1
/ W= 2]2u — 1] elsewhere.

3. Main results

3.1. A new set of analytic-univalent functions

Using the classical definitions of the Bazilevi¢ functions, the other aforementioned functions, and the
concept of subordination, we now introduce a new set of analytic-univalent functions as follows.

Definition 1. A function f € A is said to be in the set A(J, ) if the subordination condition

(F) (1) o @

is satisfied for z € (), and 0 < § < 1, where b(z) is the Ma-Minda function in (7).

Remark 1. The following are some well-known subsets of the new set A(4, b).
1. Setting § = 0 and b(z) = myp(z) of (4) shows that

f(2) (2),

— < my
z

which is the geometric condition for the Yamaguchi functions presented in (10), and
2. setting 6 = 1 and b(z) = mg(z) of (4) shows that

zf'(z)
f(z)

which is the geometric condition for the starlike functions presented in (9).

=< mp(z),

In this exploration, we establish the upper estimates for some early coefficient inequalities, Fekete-Szego
functional (with real and complex parameters) and some Hankel determinants involving a certain real
parameter T > 0.

3.2. Coefficient estimates for Set A(J,D)
Theorem 1. Let f € A be a member of the set A(J,b). Then

laz| =B, )

o gﬁl +5(2(1—J:52£% + Iﬁzll (14)

losl =77 flza) - (14325) {2(315?5) i |ﬁ2|}
)

and
5p1 9|Ba| 3|3 |Ba| , 0(64+75 —195° — 45°) B}
las| = + + +
(1+36) (1+435) (1+35) (1+39) 485(1+ 39)

B1+[6(2—6)B7 + |Bal]
(146)(14396)

+ [26(5 — 46 + 6%) B3]
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+ +

(1+30)) A+20)  (1+20)

. (ﬁl +21Ba| + Bl +6 24083 +35(B1|fal + 267 +352<2—5>>ﬁ%> }
(1+429) (1+6)(1+25)

20p, { B 2(B1 + |B2])

+

44682 <51+[5(2—5)ﬁ%+|ﬂ2|]>2‘ (16)

2(1+30) (149)

Proof. Let the function f € A be in the set A(4, b), then by subordination principle, we can say that

(Z}(;S)f (f(;))w —b(s(z)) (z€ Q). 17)

Binomially, the series form of the LHS of (17) is

(?’?i?)é (f(ZZ)> a =1+axz+ {(1 +8)as +6(6 — z)aﬂ 22

+ [(1+20)a4 — 360205 + (6(5 — 1) = 8(6 —2)a) | 22+ -+, (18)

hence, equating the coefficients in (18) and (8) implies that

ay = %PL (19)

21 (r2= ) + (o2 - 008 + o)}
= 4(1+0) ’

(20)

_ B i 1 30p1 ri
4 =51+ 20) <4l _pl"’2+”3) EPESY) (2(1 8 +ﬁ2> P (’”2_ 21>

1 362(2—8) — 6(1+8)]B3  35B1p
(1+26) ( (1+0) L+ § 4:5 +ﬁa) P (21)

T3

and

__ B _ 1, 3,5 14\, B (1, 3, 1,

B3 3, 34 Ba g 0(64+76—196% —45°)B] 4
o130y \aPiP2 T gh ) T g1y T 7685(1 + 39) P1
2
0(5-45+0)B; , 2Pi(p2— ) +[6(2—0)pt + alpd
2 P 4(1+0)(1 + 30)

2P P (B2~ 1)
G -|—31(5) {2(1_._12(5)P3+ 2(i+2;) pip2

n <,31 — 2B+ P39 n 65B3p1p2 +35(B1B2 — 2P7 —36%(2 — 5))5‘?) p3}
8(1+29) 8(1+6)(1+26) 1

) 2
4458 (Zﬁl(zﬂz— F)+ [‘5(2—(”5%*@]”%) . (22)

2(1+39) 4(1+9)

Apparently, (19) gives
_BA
|22 = - |p1l
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and the application of Lemma 1 gives the result in (13). Also, (20) gives

2
P1
pP2— 7%

2p1

+ {62 =08 + |21 I
4(1+49) '

las| =

and the application of Lemmas 2 (when A = 1) and 1 gives the result in (14). From (21) we have

i 36B2 2
|ay] 52(1[225) %*P1P2+P3 + 2(1125) {2(1 f_15> + /32|} Ip1| |p2 — %
1 [[30%(2—-08) —8(1+8)IB} 338
+8(1+25){ = Lt a+s) TP Pl

and the respective application of Lemmas 3 (when # = 1/4, and v = 1 = w), 2 (when A = 1) and 1 gives the
result in (15). Lastly, from (22), we have

2 2
< B 1o 3o Api|f, Bl | 3| 1p1 1,
95| S5 gy |IPa ~Pipsl —gPa T g [ 2732 || T2 +se) | 2P| T3 | Tt R
3 2 5(64 4+ 75 — 1962 — 46%)p*
+ |IB3| 7p% pz_ﬁ + |,B4| | |4 ( ).Bl|p1|4
2(1+30) |4 2 || " 1601 +30) 7685(1 + 30)

2
L (54548 §| 2 2B1|p2 — B+ [6(2 - 6)B3 + |Ball|pa?
2 P1 4(1+0)(1+30)

20p B (IB2] + B1)
+ (1+315){2(1+125)|”3|+ 2(i+251) |p1p2|

Bi+2|Ba| + B3|+ | 65B3|p1pal +30(B1lBa] +2B7 +36%(2 - 6))B3 3
+ + |p1]

8(1+20) 8(1+0)(1+20)

) 2
446—0% [2B1lpa— B+ [6(2—6)B2 + |Balllp1|?
2(1+ 36) 4(1+9) '

which further simplify to

1p3

1 B
P2735

1 3
<__PT _ - 2,2 2

}

B2 3, 2| 1p7 1.
+m §|P1| P2—3%5 +|P1P3|+§|P2|

|Bs| 3 | pm | B4l 4
T 3t1a0 12" P2 (T Tea 4 aay P

5(64 476 — 1952 — 48%) B} !
7685(1 + 30) P

2
N (5 —4§+(52)ﬁ%| 2 x 2B1|p2 — B+ 162 = 6)B3 + |Balllpa
2 P1 4(1+06)(1 +36)

20, 1 | (|,32|+,51)| |
(1+30) | 2(1 +29) 2(1+20) 'F1P2

Bi+2|Ba| + B3|+ | 65B3|p1pal +36(B1lBal + 257 +36%(2 - 6)) B3 3
+ + Ip1l

+ ps| +

8(1+ 20) 8(1+0)(1+20)
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. 2
4+6—82 [2B1lpa — B+ 62— 8)B + |Bal]Ip1 |
2(1 1 30) 4(1+9) '

and by systematically applying Lemmas 4 (when ¢ = 1), 2 (when A = 1/3), and 1 we have the result in

(16). O

3.3. Fekete-Szeg0 estimates for set A(4,b)

The exploration of the Fekete-Szeg6 functional

FS(t,f) = |as — a3,

(23)

is another aspect of coefficient problems of function f in S. It is a mathematical tool in GFT named after two
great function theorists Micheal Fekete and Gabor Szegd when they disproved the famous Littlewood-Parley’s
conjecture. The functional has been explored for several subsets of the set S as evident in a few works like

[3-6,21-23].

Theorem 2. Let f € A(6,b). Then

—ﬁz(f.t(;) {[x(1+6) - 52— 8)pr— B 1} when <o,
5 when @1 ST < ¢,
2(1+¢s){[7( +0)—=6(2=0)]p1— g - } when T2 ¢,
(1’115) max{1, ¢} when teC,
where
1 1 (B2 ) }
= (22 -1) +s2-0),
) {51 (ﬁl (2-9)
w7 U (5 +9) +o2-)
= = (P243) +s02-0)!,
2= 1+) {ﬁl (/%1 (2-9)
and

pa=I1=Al =14 3 |1+ [r1+0) - 62 - 5)py - E2

Proof. Considering (19) and (20) in (23) shows that

S sl
_ 2(151@ {Pz— - (1+ T(1+8) — 52— 8)|py gj) Pj}
so that
la — k| < 2(1[15) Pz—% <1+[r(1+5) 28 gj) %% |
If we set ,\:1<1+[r(1+5)—5(2_5)}51_ﬁ2>,
’ B

in (25), then applying Lemma 2 means

2
'Pz—)\pzl

gzu—m=—{[r<1+5>—5<z—5>w1—[§2— }

1

(24)

(25)

(26)
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so that when A < 0, we have

1 1 (B,
Secondly,
2
‘m—Agéz (28)
so that when 0 < A < 2, we have
1 [1 (B P O L S -
w5 -1) o) Svs g {g (f +3) +oe-af. )
Thirdly,
2
’pz—ﬁ’; <20 -1 =[e(1+0) - 52 - )l - B2 -1, (30)
so that when A = 2, we have
1 1 (B>

Lastly, if the parameter A is complex, then
_q 1 B2
17/\_17E 1+ [t(146) —6(2—9)] 175, ) (32)
1

from where @3 in (24) holds. Now gathering (26 — 32) into (25) gives the results of the theorem.
O

3.4. Hankel determinant estimates for set A(4,b)

At around the mid-nineteenth century, Hermann Hankel (1839-1873), a German mathematician, initiated
a square matrix in which each ascending skew-diagonal from left to right is constant. The matrix is known
today as the Hankel matrix. Hankel’s work was primarily based on the study of the sequence of numbers and
their determinants. Since its initiation, the matrix and its determinants have been applied in solving problems
involving factorial fractions [24], orthogonal polynomials [25], power series with integral coefficients [26], and
in the study of the asymptotic behavior of Hankel determinants [27].

In GFT, Pommerenke [28] initiated the Hankel determinant

ﬂ]' Ll]‘+1 ‘e a]'Jr,‘,l
j+1
Hijf(f)=] . o : , (33)
aj+i,1 TN N aj+2(i—1)

where i,j = 1 and the elements 4; are the coefficients of functions f € S. In addition, the author used
the Hankel determinants to investigate complex function’s singularities. Babalola [29] extended the work
of Pommerenke [28] by infusing a Fekete-Szego parameter T > 0 into the definition of #; ;(f) and introduced

the determinants

aj Ajy1 oo TAjpiq
=] (34)
Ajpi-1 e oo Ajgo(io1)
Observe that (34) simplifies to
31 (f)] = las — a3, (35)

[H3o(f)] = lazay — a3, (36)
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and
[ H31(f)] £ laslazas — Ta3| + |ag||azas — Tag| + |as||az — Ta3], 37)
which equivalently gives
H31 ()] = las|[H ()] + laal [£2 ()] + las|[H3, ()], (38)

where
L7 ()l = lajaj1 — Taj0| (j€{2,3,4,...}). (39)

Remark 2. We remark that
1. setting T = 1 in (34) makes ’HZT] (f) = Hi,j(f) in (33); and
2. |H3,(f)| = FS(t, f) in (23).

Interested function theorists can see [3,5,21,23] for more details.
In this work, we establish the upper bounds for the Hankel determinants in (36) and (38) where the
parameter T has a positive real value.

Theorem 3. Let f € A(S,b). Then

. p? 28 3682 B [362(2—6) —6(1+6)]B3  35B1|B2|
M52 =3y + T ) (2(1 ot ﬁz') i) { (1+9) v |ﬁ3|}

(B0 + 1B\’
(1+9) ’

Proof. Considering (19), (20) and (21) in (36) shows that

3 5 2 2
s =1 = () { iz (il i ’“’”“’3> ) (25 & ””) n (”2 i Z)

1 [36%(2—6) —6(1+0)]B3  35p18
HE ) < T+9) e “33) 7’%}

2

21 (p2= 1) + (02— 008} + 2 )}

ot 4(1+9) ’
such that
3 2 2
2 < (B B P 1 3541 o

1 [36%(2—6) —6(1+6)]B3  35B1|B2|
RS ( (1+9) t (141r(5) +Iﬁ3|> p1|3}
2 2
2p1|p2— % +<5(2—5)5%+/52)|P1|2
+T

4(1+9) ’

and the systematic application of Lemmas 1, 3 (when u = 1/4 and v = 1 = w), and 2 (when A = 1), gives the
desired result in the theorem. [
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Theorem 4. Let f € A(6,b). Then

1£5(f |<{ﬁ1+5(2 ‘5)53+ﬁ1|ﬁ2|}+r{( b, 2 (35ﬁ%)+|ﬁz|>

(1+9) 1426)  (14+25)\2(1+¢
1 30%(2—6) —6(1+0)|B7 | 35p1lB2]
T 81+ 29) ( 119) S (141”5; +53|> }

Proof. Considering (19), (20) and (21) in (39) shows that

B s
a2a3'm4<ﬁ21p1>{2,31 (pz 2>+{5(2 5)ﬁ1+,32}P1}

4(1+496)

B 4 1 35B2 ri
T{ (1_:25> < 1 P1P2+P3> (1+25>( (1+1§> +52)P1 <P2—1)

. <[352(2 —8)—56(140))83 + 30p1P2 + ﬁ3> P?}'

+

8(1 +20) (1+9) (1+0)

therefore,

’B zﬁl
apag — Tay| < 1|p|
1 ( 3083

B
”{ (14:25) 211 20) \2(1+0) +|ﬁ2)|”1|

1 [30%(2—6) —6(1+3)|}  30B1lB2]
811 20) < (1+9) -+ (1i5§ +|ﬁ3> |P1|3}

4(146)

+{62-0)8 + 12l P }

P1 Pl

p— 5

—pip2 +p3| +

and applying Lemmas 3 (when # = 1/4,and v = w = 1), 2 (when A = 1) and 1 simplifies to the result in the
theorem. [

Theorem 5. Let f € A(6,b). Then

B1+6(2—9)B7 + |Ba| B3 2B 3563
(N <515 {(1+125)+(1+125) (2(1+15)+52|>
B [30%(2—6) —6(1+9)]B7 | 35p1lB2l
v 119) Ht (1i5§ + 1Bs|
proo-opt b\ Y f B2 [ sp
T 1+0) (+20) " (ig20) |21 +0) P2
1 [362(2—06) —6(140)]B3  36B1|B2]
T 29 119) St (1i5§ + 1Bs| }
B1+6(2—96)B3 + B1lB2] B 2 30p1
X{ {4 d) | (1+125)+(1+25)<2(1+15)+|ﬁ2|>
1 [36%(2—6) —6(1+0)]B3  35B1|Bal
+8(1+25)< 119) S (1~1H5§ +’53|)H

B 58 9\B2| 3|Bs| |Ba
+((14:5)) {(1+§5)+(1+235)+(1+335)+(1+435)
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5(64 +76 —195% — 45°) 5 B1+[6(2—6)7 + |B2]]
485(1 + 30) -+ [20(5 - 40+ 8%)pi] (1+0)(1 +135)
L _20B P 2(B1 + |B2l)
(1+30) | (1+20) (1+20)
L[ Bit2pal +1Bs| +9 246p7 + 36(B1|B2| + 27 +30°(2 - 8)) B
(14 20) (1+6)(1+20)

416-8 (Bi+182-0B + 8\
2(1+36) (1+496) '

Proof. The consideration of the results of Theorems 1, 2, 3 and 4 in (38) with some simplifications gives the
result in the theorem. O

4. Conclusion

The features of a new collection of Yamaguchi and starlike functions, which both have significant
properties in the well-known set of Bazilevic functions, were investigated in this study. The new set is defined
using the Ma-Minda function and some mathematical ideas and some well-known principles in GFT. Among
the achievements were estimates for the coefficient bounds, the Fekete-Szego functional with real and complex
parameters, and the Hankel determinants with a real parameter. Generally speaking, the set reduces to a
handful of recognized sets when certain parameters are altered inside their declaration interval.
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